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Integral Transform (1/2)

A definite integral such as

/ "’ k(s 0 (0t

transforms a function f of the variable r into a function F of the variable
S.

For an integral transform, the interval of integration is the unbounded
interval [0, c0). O
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Integral Transform (2/2)

If £(z) is defined for ¢ > 0, then the improper integral [,° K (s, t)f ()dt is
defined as a limit:

o0 b
/ K(s,1)f(r)dt = lim / K(s,t)f(t)dt (1)
0 0

b— 00

If the limit exists, then the integral exists or is convergent; if the limit
does not exist, the integral does not exist and is divergent. O

The function K(s, ) in Eqg. (1) is called the kernel of the transform. The
choice
K(s,t) =e"

as the kernel gives us an especially important integral transform. O
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Laplace Transform

Definition (7.1.1: Laplace Transform)
Let f be a function defined for # > 0. Then the integral

20} = /0 (o)

is said to be the Laplace transform of f, provided that the integral
converges.
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Example 1: Applying Definition 7.1.1

Evaluate Z{1}.
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Example 2: Applying Definition 7.1.1

Evaluate .Z{¢}.
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Example 3: Applying Definition 7.1.1

Evaluate % {e }.
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Example 4: Applying Definition 7.1.1

Evaluate .Z {sin2t}.
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Z Is a Linear Transform

For a linear combination of functions we can write
(o) o o0
/ e af (1) + Bg(0)]d = a / e ()dt + B / g (r)dr
0 0 0
whenever both integrals converge for s > c.

Hence it follows that

Liaf(t) + ()} = aZ{f ()} + BL{g(1)} = aF(s) + BG(s)

Because of the linearity property, .Z is said to be a linear transform.

Example

L{1+ 5t = L{1} +52{1) = % +S%
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Transforms of Some Basic Functions

Theorem (7.1.1: Transforms of Some Basic Functions)

g{é(t)} =1 sinhx = ¢ —2€_x
1
ZA{1} = - .
Al L A{sinkt} = ——
ZA{"} = T n=1,273,--- 52 + k2
s
1 .
2 e = Z {coskt} o)
s—a
a ! # {sinhkt} = ——
Z {re"} = s —a)? o T s2— k2
e +e S
coshx = 5 Z {coshkt} = o)
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Piecewise Continuous

A function f is piecewise continuous on [0, co) if, in any interval
0 < a <t <b,there are at most a finite number of points #,

k=1,2,---,nat which f has finite discontinuities and is continuous on
each openinterval 1,1 < t < 1.

fln 4

a T] 1H T3 b 4
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Exponential Order

Definition (7.1.2: Exponential Order)

A function f is said to be of exponential order c if there exist
constants ¢, M > 0, and T > 0 such that

If(1)] < Me" forall t>T

Remark

Iff is anincreasing function, then the condition |f(t)| < Me“, t > T,
simply states that the graph of f on the interval (T, oc) does not grow
faster than the graph of the exponential function Me', where c is a
positive constant.
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Example

f(D) Me“ (¢ >0)

f( 1)

@

[ / ect
/ i
- t
fo
2e!
2 cost

() (b)
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Sufficient Conditions for Existence

Theorem (7.1.2: Sufficient Conditions for Existence)

Iff is piecewise continuous on [0, c0) and of exponential order c, then
ZLA{f(r)} exists fors > c.

Proof.
T 0o
2i0) = [ e ra [ e @
0 T
exists exists?

Since f is of exponential order, = 3 ¢,M > 0,T > 0 s.t. |[f(z)] < Me” fort>T
| [2 e sif(e)dt] < [7° e~ |f()|de < M [ e~ 6=t = M= for s > c.
= [~ e~*f(r)dt is bounded and exists for s > c.
Thus, .Z {f(¢)} exists by Eq. (2). O
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Example 5: Transform of a Piecewise Continuous
Function

Evaluate .2 {f(r)} where
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Behavior of F(s) as s — oo

Theorem (7.1.3: Behavior of F(s) as s — o)

Iff is piecewise continuous on (0, oc) and of exponential order and
F(s) = Z{f(r)}, then lim F(s) =0.

Proof.

f is of exponential order ¢, = 3 ~v,M; > 0,T > 0s.t. |[f(¢)| < Mye? fort > T.
f is piecewise continuous on [0, 77,

= f is bounded on [0, T] = |f(¢)| < My = M,e™.

Let M = max{M;, M,} and ¢ = max{~, 0}, then

() < [T e f()|de <M [ e 67Vdr = M fors > c.

= lim,_, o0 |F(s)| = 0.
= lim_,o0 F(5) = 0.
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The Inverse Problem

If F(s) represents the Laplace transform of a function f(z), that is,
Z{f(t)} = F(s), we then say f(¢) is the inverse Laplace transform of
F(s) and write

f(t) =27 {F(s)}

Remark

In the application of the Laplace transform to equations we are not
able to determine an unknown function f(t) directly; rather, we are able
to solve for the Laplace transform F(s) of f(t), but from that knowledge
we ascertain f by computing f(t) = £~ {F(s)}.
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Some Inverse Transforms

Theorem (7.2.1: Some Inverse Transforms)

=gl
s
1 on!
r—z{ o)
eatzg—l 1
s—a

k
: _ —1
Sll’lkl’—g {52—{—](2}

_ o1 )
coskt =& {s2+k2}
k
sinhkt = .2~ {s2 _kz}

coshkt = #7! {sz j k2}
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Example 1: Applying Theorem 7.2.1

_ 1 _ 1
Evaluate (a).% I{SS} (b) & 1{S2+7}.
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Example 2: Termwise Division and Linearity

-2 6
Evaluate .,2”1{ 2S+ }
sc+4
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Example 3: Partial Fractions: Distinct Linear Factors

246
Evaluate .,2”1{( § +65+9 }

s—1)(s=2)(s+4)
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Rational Function

A rational function of s is the ratio of two polynomials

AmS" + 15"+ -+ a _ N(s)

F =
(S) bnsn+bn_lsn—l _|_+b0 D(S)

The rational function is properif n > m.

The objective is to break F(s) into simple rational functions.
@ The first step is to factor D(s) into its elementary factors

D(s) = bu(s —p1)(s —p2) -+ (s — pn)

If all b;’s are real, then each p; is either real or appears in complex
conjugate pairs.
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Partial Fraction Expansion: Case |

For the rational function

AmS™ + am_ 15"+ -+ ag _ N(s)

F =
(s) bps" +by_15" 1+ 4+by  D(s)

with n > m, and all poles are simple, then

Aj A A,
F(s) = + to
s —=Pp1 S—p2 S —Dn

where
A = (s — pr)F ()] s=p,
The inverse Laplace transform is then

f(t) = A1’ + Azl + - + Al
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Partial Fraction Expansion: Case Il (1/2)

For the rational function

amsm—i—am,ls’"_l + - +ap
bps™ 4+ by_1s" 1 4+ - + by
_ A" + Q18" 4+ g

bn(s — p1)" (s = p2)™ -+ (s — pi)™

F(s) =

with n > m, and we allow multiple poles, then

A A A
F(s) = L 12 4o n

+ other fractions
(s—pi)m  (s—p)m! s —pi
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Partial Fraction Expansion: Case Il (2/2)
where

d
A = (s =p)"F©)ls=pis Az = (s = p1)" F(5)ls=p:,

ds
1 &>
Az = 5@(5 —p1)" F(5)|s=py >
1 dnlfl
Ay = (s = p1)" F(8)|s=p,

ny — 1dsm—1
The inverse Laplace transform is then given by

tnlfl lJl]*Z
P1t
11 (1 = 1)!6’ + A

flt)=A

A LT
(n1—2)!61 +
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Transform of a Derivative

Theorem (7.2.2: Transform of a Derivative)

Iff.f',....f=1 are continuous on [0, c) and are of exponential order
and if ") () is piecewise continuous on [0, o), then

L0} = 8"F(s) =7 (0) = S 7F(0) - ="V 0)
where F(s) = Z{f(1)}. O
For example,
Z{f' (1)} = sF(s) - £(0)
Similarly,

Z{f" (0} = s*F(s) — 5f(0) = £(0)
L{f"(1)} = 5F(s) = 5°£(0) — 5(0) — f"(0)
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Example

Verify that

Z{f' (1)} = sF(s) = £(0)
Z{f" (0} = s*F(s) — 5f(0) = £(0)
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Solving Linear ODEs (1/2)

From the result given in Theorem 7.2.2, Z{d"y/dx"} depends on
Y(s) = Z{y(t)} and the n — 1 derivatives of y(r) evaluated at r = 0.

This property makes Laplace transform ideally suited for solving linear

IVP in which the DE has constant coefficients.

Such a DE is simply a linear combination of terms y,y',y”, ...

dny n—1
g O g

¥(0) = 0,5 (0) = y1, ...,y D(0) = y,_y

+ - +agy = g(1)

where the a;,i = 1,2,...,nand yg,y1,...,y,—1 are constants.
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Solving Linear ODEs (2/2)

By the linearity property of Laplace transform and Theorem 7.2.2, we
have

an[s"Y (s) — " 1y(0) — -+ — y"1(0)]
+a, [V (s) =" 2y(0) = =y (0)] + -+ agY (s) = G(s)

where Z{y(1)} = Y(s) and Z{g(1)} = G(s).

In other words, the Laplace transform of a linear differential equation
with constant coefficients becomes an algebraic equation in Y (s).
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Laplace Transform Diagram

Find unknown y(7) that
satisfies DE and initial
conditions

|

Solution y(z) of original
IVP

Apply Laplace transform .«

Apply inverse transform £ ~!

Transformed DE
becomes an algebraic
equation in Y(s)

l
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Solve transformed
equation for Y (s)
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Example 4: Solving a First-Order IVP

Use the Laplace transform to solve the initial-value problem

&

- F3y=13sin21, y(0) =6
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Example 5: Solving a Second-Order IVP

Solve
Y =3y +2y=eY y0)=1,(0)=5
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First Translation Theorem (1/2)

Theorem (7.3.1: First Translation Theorem)
If Z{f(t)} = F(s) and a is any real number, then
L{e"f(1)} = F(s —a)

It is sometimes written as £ {e“f(t)} = ZL{f(¢)

} ’S*)S*Ll

s=a,a>0

(Multiplication in time domain implies translation in s domain.)

Huei-Yung Lin (RVL, CCUEE) Differential Equations Section 7.3 33/62




First Translation Theorem (2/2)

Remark (Inverse Transform)
The inverse transform of F(s — a) is given by

LHF(s —a)} = L7HF(5)lsms-a} = "f (1)
where f(t) = £~ YF(s)}.

F(s) F(s—a)

| |
s=a,a>0

N
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Example 1: Using the First Translation Theorem

Evaluate (a) .2 {7} (b) £ {e % cos4r}.
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Example 2: Partial Fraction: Repeated Linear Factors

Evaluate (a) 2! {(isj;z} (b) 2! {M}'
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Example 3: An Initial-Value Problem

Solve
Y =6y +9y =¥, y(0) =2, y(0) =17
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Unit Step Function

Definition (7.3.1: Unit Step Function)

The unit step function or Heaviside function % (r — a) is defined to
be

0, 0<t<a
%(t—a):{ 1, t>a

a 1
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Example 5: A Piecewise-Defined Function

Express
20t, 0<t<5
f(t> - { O7 t> 5

in terms of unit step functions. Graph.
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Second Translation Theorem (1/2)

Theorem (7.3.2: Second Translation Theorem)
IfF(s) = Z{f(t)} anda > 0, then

L{f(t—a)%(t—a)} = e “F(s)

Proof.

LU — )W (1 —a)} = /0 " et — ) (¢ — a)dt = / et — a)dr

= /OO e UFDF () du = e /00 e "f(u)du
0 0

= e “2{f(0)}

Huei-Yung Lin (RVL, CCUEE) Differential Equations

Section 7.3

40/62



Second Translation Theorem (2/2)

Remark (Inverse Transform)
Iff(t) = £~Y{F(s)} and a > 0, the inverse form is given by

f_l{e_“sF(s)} =f(t—a)%(t — a)
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Example 6: Using Formula (3)

—1 1 —1 s _zs
Evaluate (a) % {S_4e (b) # 21 9¢ 2 5.
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Example 7: Second Translation Theorem — Alterative
Form

Evaluate .2 {cost % (t—m)}.
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Example 8: An Initial-Value Problem

Solve y' +y = f(1), y(0) = 5, where f(r) = { (3)’0051‘
%
5
4
3
2
’ /\
C
i \/
: \
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Derivatives of Transforms (1/2)

Theorem (7.4.1: Derivatives of Transforms)
IfF(s) =2 {f(t)} andn=1,2,..., then
n _ nﬁ
LAF(D} = (~1)" 25 F ()

For example, 4
L)} = - Z{f(0)}

Similarly, )
2 {0} = 52 ()
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Derivatives of Transforms (2/2)

Remark

By definition F(s) — / e F(1)dt
0

2 () = /O T e f (o)

d > —st _ Ooe—st — _
GF0) = [T e - [ ena = -2 (10}
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Example 1: Using Theorem 7.4.1

Evaluate .2 {rsinkt}.
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Example 2: An Initial-Value Problem

Solve
x" 4+ 16x = cos 4t, x(0) = 0,x'(0) = 1
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Convolution (1/2)

If functions f and g are piecewise continuous on [0, ), then a special
product, denoted by f x g, is defined by the integral

f*g/f (r—7)d

and is called the convolution of f and g.

The convolution of two functions is commutative: f « ¢ = ¢« f. That is,
t
/f (t—1) dT—/ g(n)f(t—7)dr
0

It is not true that the integral of a product of functions is the product of
the integrals.
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Convolution (2/2)

The convolution f x g is a function of .
Example
Verify that

t
1
e xsint = / e’ sin(t — 7)dT = 5(— sint — cost + ')
0
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Convolution Theorem

Theorem (7.4.2: Convolution Theorem)
Iff(r) and g(t) are piecewise continuous on [0, o) and of exponential
order, then
Zif gt =20} Z{e()} = F(5)G(s)
Likewise,
LTF($)G(s)} =f * g

Proof.
Please check the textbook, page 308.
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Example 3: Transform of a Convolution

t
Evaluate ¥ {/ e’ sin(r — T)dT}.
0
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Example 4: Inverse Transform as a Convolution

1
-1) -
Evaluate % { CETEE }
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Transform of an Integral

When g(r) = 1 and Z {g(r)} = G(s) = 1/s, the convolution theorem
implies that the Laplace transform of the integral f is

z{/otf(T)dT} :92”{/0’1 -f(T)dT} :3{/0}(;—7) -f(T)dT}

- 2 {si-n =1} 2 {0y = "

N

The corresponding inverse form

Alf(T)dTgl {Fis)}

can be used in lieu of partial fractions when s" is a factor of the
denominator and f(r) = .2~ {F(s)} is easy to integrate.
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Example

Given f(t) = sint and F(s) = 1/(s> + 1), find
_ 1
@« )
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Example 5: An Integral Equation

Solve

f(ry=3%—e"'— /tf(T)et_TdT for £(1)
0
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Unit Impulse Function

The function

0, 0<t<ty—a
Sat—10) =% %, to—a<t<ty+a
0, t>1t+a

is called a unit impulse, because it possesses the integration property

/ da(t — to)dt = 1.
0

1/2a

| ty—a i to+a !

(a) graph of §,(t — t))
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Dirac Delta Function
A “function” that approximates d,(¢ — tp) and is defined by the limit
0(r — 1) = lim 6,(t — to)
a—0

is called the Dirac delta function. It has the following two properties:

5(t— o) = { 08’ ;;2 and /O 5(t — to)dr = 1

(b) bebavior of 8, asa — 0
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Transform of Dirac Delta Function

Theorem (7.5.1: Transform of Dirac Delta Function)
For ity > 0,

LA{o(t—19)} = e
Furthermore,
{6} =1

Proof.
By definition.
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Example 1: Two Initial-Value Problem

Solve y” +y = 45(t — 27) subject to
(@) y(0) =1,y(0)=0
(b) ¥(0) =0,y'(0) =0
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Systems of Linear Differential Equations

Solve

x’{ + 10x; —4x, =0
—4x; + x5 +4x =0

subject to x;(0) = 0,,(0) = 1,x2(0) = 0,x5(0) = —1.
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Homework

@ Exercises 7.1: 4, 13, 26, 37.

@ Exercises 7.2: 9, 24, 33, 38, 41.

@ Exercises 7.3: 5, 16, 23, 32, 39, 55, 66.
@ Exercises 7.4: 5,10, 27, 41, 50.

@ Exercises 7.5: 5, 12.

@ Exercises 7.6: 4.
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