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Truncation Errors for Euler’s Method (1/3)

The Euler’'s method for numerical solution of the 1st-order VP

Y =f(x,y), y(xo) = yo is given by

Yn+1 = Yn + hf(xmyn)

The local truncation error for y, . defined by

Y(Xnt1) = Vg1
can be derived from the Taylor’s expansion as

h? h?
2! = Yn+1 T y"(c)

Y(Xnt1) = Yn + hf (Xn, ) +y//(c) 71

where ¢ € (X, Xp41)-
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Truncation Errors for Euler’s Method (2/3)

Local truncation error is also called formula error, or discretization
error.

Hence, the local truncation error in y,+ is

h2
y”(c)j, where x, < c¢ < x,11

An upper bound on the absolute value of the error is Mh?/2! , where

M= max [y (x)]

X <X<Xp41
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Truncation Errors for Euler’s Method (3/3)

Remark
Taylor’s formula with remainder:

xX—a
1!

y(x) =y(a) +(a) o=yl

where ¢ € (a, x).
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Big O Notation

In discussing errors arising from numerical methods, it is helpful to use
the notation O(h") .

Let ¢(h) denote the error in a numerical calculation depending on h.
Then e(h) is said to be of order /", denoted by O(#"), if there exist a
constant C and a positive integer n such that |e(h)| < Ch" for h
sufficiently small.

Thus, the local truncation error for Euler’'s method is O(h?).

Remark

In general, if e(h) in a numerical method is of order h* and h is halved,
the new error is approximately C(h/2)" = Ch" /2", that is, the error is
reduced by a factor of 1/2".
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Example 1: Bound for Local Truncation Errors
Find a bound for the local truncation errors for Euler's method applied

to
y =2xy, y(1) =1
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Improved Euler’s Method (1/2)

The numerical method defined by the formula

f(xm)’n) +f(xn+la)’;: )
Vntl = Yn + h 3 +1 (2)

where
y;;H =Yyn+ hf(xnayn) (3)
is commonly known as the improved Euler’s method.

Remark

Note the difference between Eqgs. (1) and (2), the slope in
becomes £ Gx 3n) +f2(xn+1 1) in improved Euler’s

method.
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Improved Euler’s Method (2/2)

Improved Euler’s method is an example of a predictor-corrector
method.

The value of y; | given by (3) predicts a value of y(x,), whereas the
value of y,. defined by formula (2) corrects this estimate.

V

solution
curve

1= %o _,’_hf(Xoyyo)Jgf(XmT) =y + hw
¥i = Yo + hif (x0, y0)

(Compare with Euler's method! Slide 2)

X
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Example 2: Improved Euler’s Method

Use the improved Euler's method to obtain the approximate value of
y(1.5) for the solution of the initial-value problem y’ = 2xy, y(1) = 1.
Compare the results for » = 0.1 and 2 = 0.05. The local truncation
error for the improved Euler's method is O(h?).
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Truncation Errors

In the analysis of local truncation error, we assume the value of y, is
exact in the calculation of y,. . In reality, this is not true since it
contains local truncation errors from previous stages.
Thus, the total truncation error in y,. is an accumulation of the errors
in each of the previous steps.
This total error is called global truncation error.
Truncation errors:

@ Local truncation error of Euler's method: O(h?).

@ Global truncation error of Euler's method: O(h).

@ Local truncation error of improved Euler's method: O(h%).

@ Global truncation error of improved Euler’s method: O(h?).
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Runge-Kutta Methods (1/3)

Fundamentally, all Runge-Kutta methods are generalizations of the
basic Euler’s formula y,.1 = y, + hf (x,, y,) in that the slope function f is
replaced by a weighted average of slopes over the interval

X < x < xp41. Thatis,

Yntl = Yn + h(Wlkl +woky + - + kam> (4)

where w;, i = 1,2,...,m, are constants that generally satisfy
wi+wy+---+w,=1,and each k;,i = 1,2,...,m, is the function f
evaluated at a selected point (x,y) for which x, < x < x,4,. (We shall
see that the k; are defined recursively.) The number m is called the
order of the method.
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Runge-Kutta Methods (2/3)

Euler's method is said to be a first-order Runge-Kutta method. (By
takingm =1, w; = 1, and k; = f(xn, yn).)

The weighted average is choosen so that Eq. (4) agrees with a Taylor
polynomial of degree m.

If a function f(x) possesses k + 1 derivatives that are continuous on an
open interval containing a and x, then we can write

_ X a N a)2 . (k+1) (x— a)k+1
where ¢ € (a, x).
If we replace a by x, and x by x,1 = x, + A, then
/ h i R (k+1
Y(Xnt1) = y(xn +h) = y(xa) + hy' (xa) + jy () + -+ my )(C)

where ¢ € (xp, Xy41)-
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Runge-Kutta Methods (3/3)

If y(x) is a solution of y = f(x,y) in the case k = 1 and the remainder
%hzy”(c) is small, then a Taylor ploynomial y(x,+1) = y(x,) + by (x,) of
degree one agrees with the approximation formula of Euler's method

Yn+1 =Yn + hyjq =Yn+ hf(xnayn)
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A Fourth-Order Runge-Kutta Method

A fourth-order Runge-Kutta procedure consists of finding
parameters so that the formula

Ynt1 = Yn + h(wiky + woky + wsks + waky)

where
ki :f(xnayn)
ky = f(xy + a1h,y, + Prhky)
k3 = f(x, + a2h,y, + Bahky + B3hkz)
(

ks = f(xy + azh, y, + Bahky + Bshky + Behks)

agrees with a Taylor polynomial of degree four.
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RK4 Method

The most commonly used set of values for the parameters yields the
following result:

h
Vntl = Yn + 6<kl + 2ko + 2k3 + k4)

ki :f(xmyn)

K = F(xn + <,y + ~hk)

2 =J Xn ) s Vn ) 1
1 1

k3 :f(xn + ih»yn + Ehk2)

ky :f(xn +h,yn + /’lk3)

The above is the classic Runge-Kutta method or the RK4 method.

Huei-Yung Lin (RVL, CCUEE) Differential Equations Section 9.2 15/17



Example 1: RK 4 Method

Use the RK4 method with 7 = 0.1 to obtain an approximation to y(1.5)
for the solution of y/ = 2xy, y(1) = 1.
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Homework

@ Exercises 9.1: 3, 10.
@ Exercises 9.2: 5, 12.

Huei-Yung Lin (RVL, CCUEE) Differential Equations Section 9.2 17 /17



